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Abstract
We study the realization AN of the operator A ¼ 12 D/DU ; D S in L2ðO; mÞ with
Neumann boundary condition, where O is a possibly unbounded convex open set in RN ; U is a
convex unbounded function, DUðxÞ is the element with minimal norm in the subdifferential of
U at x; and mðdxÞ ¼ c expð2UðxÞÞ dx is a probability measure, inﬁnitesimally invariant for
A: We show that AN is a dissipative self-adjoint operator in L
2ðO; mÞ: Log-Sobolev and
Poincare´ inequalities allow then to study smoothing properties and asymptotic behavior of the
semigroup generated by AN :
r 2003 Elsevier Inc. All rights reserved.
1. Introduction
Linear elliptic operators with regular and bounded coefﬁcients in Rn is an old and
well studied subject. In particular, unique solvability and estimates for the solutions
to equations of the type
lu Au ¼ f ð1:1Þ
in suitable Banach spaces, such as Lp spaces, Sobolev spaces, Ho¨lder spaces, etc. has
been the object of deep investigation and nowadays a satisfactory theory is available.
See e.g. the classical book [10].
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If the coefﬁcients of the elliptic operator A are regular but unbounded one can
prove in general existence of a solution for large l but not uniqueness. For instance,
for each l40 the one-dimensional equation
lj 1
2
jxx  x3jx ¼ 0;
has a bounded non-zero classical solution. See [9].
In the last few years an increasing interest has been devoted to elliptic operators
with unbounded coefﬁcients in the whole RN ; or in an unbounded open subset O of
Rn: In the case of regular coefﬁcients we refer to [4,9,11,12,14].
When the coefﬁcients are not continuous one cannot expect in general existence of
any solution in spaces of continuous functions; also the choice of Lp spaces with
respect to the Lebesgue measure is not appropriate and leads to several difﬁculties.
See the book [7], where (1.1) is considered under minimal regularity conditions on
the coefﬁcients of A: A more natural choice is the space LpðRN ; mÞ where m is a
probability measure such thatZ
O
AuðxÞmðdxÞ ¼ 0; uACN0 ðRNÞ:
Several papers have been devoted to existence and uniqueness of invariant measures
m associated to elliptic operators, and to the properties of the realizations of such
operators in LpðRN ; mÞ; 1pppN; especially for p ¼ 2: See e.g. [5–7,16,17].
In this paper we shall consider elliptic operators of the form
Au ¼ 1
2
Du /DU ; DuS: ð1:2Þ
This class of operators enjoys nice functional properties. As ﬁrst realized by
Kolmogorov [8], if U is a C1 function and expð2UÞ is in L1ðRNÞ; the probability
measure
nðdxÞ ¼
Z
RN
e2UðxÞ dx
 1
e2UðxÞ dx ð1:3Þ
is an inﬁnitesimally invariant measure forA; andA is symmetric in L2ðRN ; nÞ in the
sense that Z
RN
AuðxÞvðxÞnðdxÞ ¼
Z
RN
AvðxÞuðxÞnðdxÞ; u; vACN0 ðRNÞ:
The condition that the drift /F ; DuS has F ¼ DU looks rather restrictive.
However, it is well known (and easy to see) that if an operator A of the type
Au ¼ 1
2
Du þ/F ; DuS with regular F admits an inﬁnitesimally invariant probability
measure n ¼ rðxÞ dx; then A is symmetric in L2ðRN ; nÞ if and only if 2F ¼ D log r:
In this case the corresponding diffusion process, described by the differential
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stochastic equation
dX ¼ FðXÞdt þ dW ðtÞ;
is said to be reversible.
We shall assume that U is a real-valued convex function such that
lim
jxj-þN
UðxÞ ¼ þN: ð1:4Þ
No other growth assumption will be made. If U is differentiable at x; DUðxÞ is the
gradient of U at x; if U is not differentiable at x; DUðxÞ is meant as the element with
minimal norm in the subdifferential of U at x: Since U is real valued and convex, it is
continuous and DUðxÞ is well deﬁned for each xARN ; but the function x/DUðxÞ
may be discontinuous.
After the study of the realization of A in L2ðRN ; nÞ; we shall consider an open
convex set OCRN with C2 boundary, and we shall study the realization AN ofA in
L2ðO; mÞ with Neumann boundary condition, where
mðdxÞ ¼
Z
O
e2UðxÞ dx
 1
e2UðxÞ dx: ð1:5Þ
It is easy to see that if uAC2ð %OÞ has compact support and null normal derivative at
the boundary, then
Z
O
AuðxÞmðdxÞ ¼ 0:
Therefore, the measure m is inﬁnitesimally invariant forA: Note that this is not true
if u satisﬁes the Dirichlet boundary condition.
The main result of this paper is that AN : DðANÞ ¼ fuAH2ðO; mÞ : @u=@n ¼
0; AuAL2ðO; mÞg is a self-adjoint dissipative operator.
We use a penalization method, introducing the family of operators in RN
AeuðxÞ ¼ 1
2
DuðxÞ /DUeðxÞ; DuðxÞS; xARN ; ð1:6Þ
where
UeðxÞ ¼ UðxÞ þ 1
2e
ðdistðx;OÞÞ2: ð1:7Þ
Operators of this type in the whole RN have been already considered, for instance in
[5], under further assumptions on U : Here we prove that the realizations of the
operators Ae in L
2ðRN ; neÞ; with domain De ¼ fuAH2ðRN ; neÞ: /DUe; DuSA
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L2ðRN ; neÞg and
neðdxÞ ¼
Z
RN
e2UeðxÞ dx
 1
e2UeðxÞ dx
are self-adjoint and dissipative. Therefore the equation
lu Aeu ¼ f˜;
where f˜ is the null extension of f to the whole RN ; has a unique solution ueADe: It is
possible to see that jjuejjH2ðRN ;neÞ is bounded by a constant independent of e: It follows
that the restrictions uejO are bounded in H2ðO; mÞ by a constant independent of e:
Therefore a sequence uek jO converges to a limiting function uAH
2ðO; mÞ which turns
out to be a solution to
lu Au ¼ f in O;
@u
@n
¼ 0 at @O:
8<
:
The solution is unique thanks to an a priori estimate, which comes from the
integration by parts formulaZ
O
ðAuÞðxÞcðxÞmðdxÞ ¼  1
2
Z
O
/DuðxÞ; DcðxÞSmðdxÞ
þ 1
2
Z
@O
@u
@n
ðxÞcðxÞmðdxÞ: ð1:8Þ
Indeed, taking c ¼ u; where u is any solution, we get immediately
jjujjL2ðO;mÞp
1
l
jj f jjL2ðO;mÞ; ð1:9Þ
so that the solution is unique.
Formula (1.8) is crucial in our analysis. It implies also that AN is symmetric, and,
through its consequence (1.9), that AN is dissipative. Since the resolvent set of AN is
not empty, it follows that AN is self-adjoint.
The general theory of operators in Hilbert spaces yields that AN is the inﬁnitesimal
generator of an analytic contraction semigroup TðtÞ; which can be naturally
extended to an analytic contraction semigroup in LpðO; mÞ for each pAð1;NÞ:
Under the further assumption that U  ojxj2=2 is convex for some o40 we show
that m satisﬁes Poincare´ and log-Sobolev inequalities, that isZ
O
juðxÞ  %uj2nðdxÞp 1
2o
Z
O
jDuðxÞj2nðdxÞ; uAH1ðO; mÞ; ð1:10Þ
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and
Z
O
u2ðxÞ logðu2ðxÞÞmðdxÞ
p1
o
Z
O
jDuðxÞj2mðdxÞ þ u2 logðu2Þ; uAH1ðO; mÞ: ð1:11Þ
Here %u ¼
R
O uðxÞmðdxÞ is the mean value of u; and we adopt the convention 0 log 0 ¼
0:
As well known, (1.11) implies that TðtÞ is hypercontractive, with
jjTðtÞjjjLqðtÞðO;mÞpjjjjjLpðO;mÞ; t40; pX2; jALpðO; mÞ;
and qðtÞ ¼ 1þ ðp  1Þe2ot:
A more general class of operators, namelyBu ¼Au þ/G; DuS has been recently
studied in [16], where suitable assumptions are made in order that the realization Bp
of B in LpðRN ; nÞ; 1opoN; generates an analytic semigroup in LpðRN ; nÞ: In the
case G ¼ 0; i.e. B ¼A; the assumptions of [16] are not comparable to ours; however
they lead to the characterization of the domain of Bp as the space W
2;pðRN ; nÞ; for
1opoN: Their method seems to be hardly extendable to the case of an unbounded
O with Neumann boundary condition, and to the case of discontinuous coefﬁcients.
In fact, to our knowledge there are no papers about elliptic operators with
unbounded coefﬁcients in an unbounded domain and Neumann boundary
condition. The paper [2] deals with elliptic operators with possibly unbounded
discontinuous coefﬁcients in an unbounded domain, but it is focused on existence
and properties of inﬁnitesimally invariant measures, the underlying boundary
condition is the Dirichlet condition, and no effort is made towards the
characterization of the domain of their realizations.
2. The realization of A in L2ðRN ; mÞ
In this section we describe the main properties of the realization ofA in L2ðRN ; nÞ:
We give alternative proofs of the results of [5] that we need here, avoiding some
unnecessary assumptions made in [5].
Let U :RN/R be a convex function, satisfying (1.4). Then U is continuous, and
there are aAR; b40 such that UðxÞXa þ bjxj; for each xARN : It follows that the
probability measure (1.3) is well deﬁned, and that
R
RN
jxjke2UðxÞ dxoN for each
k40:
For each xARN ; the subdifferential @UðxÞ of U at x is the set
fyARN : UðxÞXUðxÞ þ/y; x xS; 8xARNg: Since U is convex, @UðxÞ has a
unique element with minimal norm, that we denote by DUðxÞ: Of course if U is
differentiable at x; DUðxÞ is the usual gradient.
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Since DU is not continuous in general, and we made no growth assumptions,
handling the operator A is rather delicate. To overcome these difﬁculties we
introduce the Moreau-Yosida approximations of U ;
UaðxÞ ¼ inf UðyÞ þ 1
2a
jx  yj2: yARN
 	
; xARN ; a40;
which will be the main technical tool of this section. The functions Ua are convex,
differentiable, and for each xARN we have (see e.g. [3, Propositions 2.6, 2.11]1)
UaðxÞpUðxÞ; jDUaðxÞjpjDUðxÞj;
lim
a-0
UaðxÞ ¼ UðxÞ; lim
a-0
DUaðxÞ ¼ DUðxÞ:
Moreover DUa is Lipschitz continuous for each a; with Lipschitz constant 1=a: This
is of much help, because elliptic operators with Lipschitz continuous (although
unbounded) coefﬁcients have nice properties, and they are well studied. See e.g.
[12,13,15].
The space H1ðRN ; nÞ is naturally deﬁned as the set of all uAH1locðRNÞ such that u;
DiuAL2ðRN ; nÞ; i ¼ 1;y; N: It is a Hilbert space with the standard scalar product
/u; vS ¼
Z
RN
e2UðxÞ dx
 1Z
RN
uv þ
Xn
i¼1
DiuDiv
 !
e2UðxÞ dx:
Similarly, the space H2ðRN ; nÞ is deﬁned as the set of all uAH2locðRNÞ such that u;
Diu; DijuAL2ðRN ; nÞ; i; j ¼ 1;y; N: It is a Hilbert space with the scalar product
/u; vS ¼
Z
RN
e2UðxÞ dx
 1Z
RN
uv þ
XN
i¼1
DiuDiv þ
XN
i;j¼1
DijuDijv
 !
e2UðxÞ dx:
We shall use also the spaces Ckb ðRNÞ (kAN,fNg), consisting of all Ck functions
u :RN/R with bounded derivatives up to the order k; their subspace CN0 ðRNÞ
consisting of all smooth compactly supported functions, and the spaces Ckþyb ðRNÞ
(kAN,f0g; yAð0; 1Þ) consisting of functions in Ckb ðRNÞ with uniformly y-Ho¨lder
continuous kth order derivatives.
Lemma 2.1. CN0 ðRNÞ is dense in L2ðRN ; nÞ; in H1ðRN ; nÞ and in H2ðRN ; nÞ:
Proof. It is well known that every function uAX with compact support (where
X ¼ L2ðRNÞ; X ¼ H1ðRNÞ; or X ¼ H2ðRNÞ) may be approximated in X by a
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sequence of CN0 functions obtained by convolution with smooth molliﬁers. Since u
has compact support, such a sequence approximates u also in L2ðRN ; nÞ; in
H1ðRN ; nÞ; or in H2ðRN ; nÞ; respectively.
Therefore it is sufﬁcient to show that every uAL2ðRN ; nÞ (respectively,
uAH1ðRN ; nÞ; uAH2ðRN ; nÞ) may be approximated by a sequence of L2 (respectively,
H1; H2) functions with compact support. Let y :RN/R be a smooth function such
that 0pyðxÞp1 for each x; y  1 in Bð0; 1Þ; y  0 outside Bð0; 2Þ; and set unðxÞ ¼
uðxÞyðx=nÞ: Then un-u in L2ðRN ; nÞ: Indeed,
Z
RN
jun  uj2nðdxÞp
Z
jxjXn
juj2nðdxÞ
which goes to 0 as n-N: If uAH1ðRN ; nÞ; then
Diun ¼ DiuðxÞyðx=nÞ þ uðxÞDiyðx=nÞ=n;
where Diuyð=nÞ goes to Diu and uDiyð=nÞ=n goes to 0 as n-N: If uAH2ðRN ; nÞ;
then
DijunðxÞ ¼DijuðxÞyðx=nÞ þ DiuðxÞDjyðx=nÞ=n
þ DjuðxÞDiyðx=nÞ=n þ uðxÞDijyðx=nÞ=n2;
and Dijuyð=nÞ goes to Diju while the sequences uDiyð=nÞ=n; DiuDjyð=nÞ=n;
DjuDiyð=nÞ=n; uDijyð=nÞ=n2 go to zero in L2ðRN ; nÞ as n-N: The statement
follows. &
Let us deﬁne now the realization A of A in L2ðRN ; nÞ by
DðAÞ ¼ fuAH2ðRN ; nÞ: AuAL2ðRN ; nÞg
¼ fuAH2ðRN ; nÞ: /DU ; DuSAL2ðRN ; nÞg;
ðAuÞðxÞ ¼ AuðxÞ; xARN :
8>><
>>:
ð2:1Þ
We shall show that A is a self-adjoint dissipative operator. A ﬁrst important step is
next lemma, which yields that A is symmetric.
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Lemma 2.2. For each uADðAÞ; cAH1ðRN ; nÞ we haveZ
RN
ðAuÞðxÞcðxÞnðdxÞ ¼ 1
2
Z
RN
/DuðxÞ; DcðxÞSnðdxÞ: ð2:2Þ
Proof. It is sufﬁcient to prove that (2.2) holds for each cACN0 ðRNÞ: Indeed, in this
case, for cAH1ðRN ; nÞ; (2.2) is obtained approximating c by a sequence of CN0
functions.
First we assume that U is continuously differentiable. If cACN0 ðRNÞ; then the
function c expð2UÞ is continuously differentiable and it has compact support.
Integrating by parts ðDuÞðxÞcðxÞ expð2UðxÞÞ we get
1
2
Z
RN
ðDuÞðxÞcðxÞe2UðxÞ dx ¼  1
2
Z
RN
/DuðxÞ; DðcðxÞe2UðxÞÞS dx
¼  1
2
Z
RN
/DuðxÞ; DcðxÞSe2UðxÞ dx
þ 1
2
Z
RN
/DuðxÞ; 2DUðxÞScðxÞe2UðxÞ dx
so that (2.2) holds.
Let now U be merely continuous. Let Ua be the Yosida approximations deﬁned
above, and deﬁne accordingly the differential operatorAa; the measure naðdxÞ; and the
operator Aa :DðAaÞ/L2ðRN ; naÞ: For each cACN0 ðRNÞ and for each a40 we haveZ
RN
ðAauÞðxÞcðxÞ expð2UaðxÞÞ dx ¼ 1
2
Z
RN
/DuðxÞ; DcðxÞS expð2UaðxÞÞ dx;
where expð2UaÞ goes to expð2UÞ uniformly in supp c; and since DU is locally
bounded, Aau expð2UaÞ goes to Au expð2UÞ in L2ðsuppcÞ: Letting a-0 we
obtain (2.2). &
Taking c ¼ u in (2.2) shows that A is symmetric.
In the next proposition we give good a priori estimates for regular functions, when
U has Lipschitz continuous derivatives. This is enough for our aims because we will
apply it to the operators Aa:
Proposition 2.3. Let U :RN/R satisfy (1.4) and have Lipschitz continuous
derivatives. For every uAC2bðRNÞ we have
jj jDuj jj2L2ðRN ;nÞp2jjAujjL2ðRN ;nÞjjujjL2ðRN ;nÞ; ð2:3Þ
and
jj jD2uj jj
L2ðRN ;nÞ2p4jjAujjL2ðRN ;nÞ2 : ð2:4Þ
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Proof. Since DU is Lipschitz continuous, it has at most linear growth as jxj-N; so
that jDU jAL2ðRN ; nÞ: It follows that C2bðRNÞ is contained in DðAÞ: Then estimate
(2.3) follows immediately from (2.2) taking c ¼ u: To prove (2.4) we ﬁrst consider a
function uACN0 ðRNÞ: In this case the functions f ¼Au and DhU ; h ¼ 1;y; N; are
Lipschitz continuous; hence they belong to H1locðRNÞ and we have
ADhu 
XN
k¼1
DhkUDku ¼ Dhf ;
where the equality is meant in L2locðRNÞ: Multiplying by Dhu and summing up we get
XN
h¼1
ADhuDhuX
XN
h¼1
Dhf Dhu a:e:;
because D2UX0 almost everywhere. Since DhuADðAÞ and fAH1ðRN ; nÞ; we may
integrate both sides with respect to nðdxÞ; and applying (2.2) to both sides we get
1
2
Z
RN
jD2uj2nðdxÞX 2
Z
RN
Au  f nðdxÞ;
which yields (2.4).
Let now uAC2bðRNÞ; and let uk be a sequence in CN0 ðRNÞ that goes to u in
H2ðRN ; nÞ as k-N: We may assume that jjDukjjN is bounded by a constant C
independent of k (see the proof of Lemma 2.1). Then Dijuk goes to Diju and Duk go
to Du in L2ðRN ; nÞ: Moreover, up to a subsequence /DU ; Duk  DuS goes to 0
almost everywhere and it is bounded by ðC þ jjDujjNÞjDU jAL2ðRN ; nÞ: Therefore
/DU ; DukS goes to /DU ; DuS in L2ðRN ; nÞ; so thatAuk goes toAu in L2ðRN ; nÞ:
Since (2.4) holds for each uk; letting k-N we obtain that (2.4) holds for u: &
Now we are ready to solve the resolvent equation,
lu  Au ¼ f ð2:5Þ
for each l40 and fAL2ðRN ; nÞ:
Theorem 2.5. Let U :RN/R satisfy assumption (1.4). Then the resolvent set of A
contains ð0;þNÞ and
ðiÞ jjRðl; AÞf jjL2ðRN ;nÞp
1
l
jj f jjL2ðRN ;nÞ;
ðiiÞ jj jDRðl; AÞf j jjL2ðRN ;nÞp
2ﬃﬃﬃ
l
p jj f jjL2ðRN ;nÞ;
ðiiiÞ jj jD2Rðl; AÞf j jjL2ðRN ;nÞp4jj f jjL2ðRN ;nÞ:
8>>><
>>>:
ð2:6Þ
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Proof. To begin with, we note that (2.5) has at most one solution in DðAÞ: Indeed, if
uADðAÞ satisﬁes lu ¼ Au then by (2.2) we haveZ
RN
lðuðxÞÞ2nðdxÞ ¼
Z
RN
ðAuÞðxÞuðxÞnðdxÞ ¼ 1
2
Z
RN
jDuðxÞj2nðdxÞp0;
so that u ¼ 0:
To ﬁnd a solution to (2.5), ﬁrst we consider the case where fACybðRNÞ for some
yAð0; 1Þ:
Let Ua be the Yosida approximations of U deﬁned above, and let the differential
operator Aa; the measure naðdxÞ; and the operator Aa : DðAaÞ/L2ðRN ; naÞ be
deﬁned accordingly. Since DUa is Lipschitz continuous, by [12, Theorem 1] the
problem
lua Aaua ¼ f
has a unique solution uaAC2þyb ðRNÞ: In fact [12, Theorem 1] deals with large l’s, but
a standard application of the maximum principle (see e.g. [12, Lemma 2.4]) and of
the Schauder estimates of [12, Theorem 1] show that (2.5) is uniquely solvable in
C2þyb ðRNÞ for each l40: The integration by parts formula (2.2) givesZ
RN
ðlua  f ÞuanaðdxÞ ¼ 1
2
Z
RN
jDuaj2naðdxÞp0;
so that
jjuajjL2ðRN ;naÞp
1
l
jj f jjL2ðRN ;naÞ: ð2:7Þ
Estimates (2.3) and (2.4) applied to ua give
jj jDuaj jjL2ðRN ;naÞpð2jjlua  f jjL2ðRN ;naÞjjuajjL2ðRN ;naÞÞ1=2p
2ﬃﬃﬃ
l
p jj f jjL2ðRN ;naÞ ð2:8Þ
and
jj jD2uaj jjL2ðRN ;naÞp2jjlua  f jjL2ðRN ;naÞp4jj f jjL2ðRN ;naÞ: ð2:9Þ
Since UaðxÞ goes to UðxÞ monotonically as a-0; then expð2UaðxÞÞ goes to
expð2UðxÞÞ monotonically, and ðR
RN
e2UaðxÞ dxÞ1 goes to ðR
RN
e2UðxÞ dxÞ1;
jj f jjL2ðRN ;naÞ goes to jj f jjL2ðRN ;nÞ as a-0: It follows that jjuajjH2ðRN ;naÞ is bounded by a
constant independent of a: Since jj  jjH2ðRN ;nÞpcðaÞjj  jjH2ðRN ;naÞ; with lima-0 cðaÞ ¼
1; also jjuajjH2ðRN ;nÞ is bounded by a constant independent of a; for a small. Therefore
there is a sequence uan that converges weakly in H
2ðRN ; nÞ to a function
uAH2ðRN ; nÞ; and converges to u pointwise a.e. and in H1ðBð0; RÞÞ for each R40:
This implies easily that u solves (2.5). Indeed, let fACN0 ðRNÞ: For each nAN we
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have
Z
RN
luan 
1
2
Duan þ/DUan ; DuanS f
 
fe2U dx ¼ 0:
Letting n-N; we get immediately that
R
RN
ðluan  12 DuanÞfe2UðxÞ dx goes toR
RN
ðlu  1
2
DuÞfe2UðxÞ dx: Moreover R
RN
/DUan ; DuanSfe
2UðxÞ dx goes toR
RN
/DU ; DuSfe2UðxÞ dx because DUan goes to DU in L
2ðsupp fÞ: Therefore
letting n-N we get
Z
RN
ðlu Au  f Þfe2U dx ¼ 0
for each fACN0 ðRNÞ; and hence lu Au ¼ f almost everywhere. So, uADðAÞ is the
solution of the resolvent equation, and letting a-0 in (2.7)–(2.9), we get
jjujjL2ðRN ;nÞp
1
l
jj f jjL2ðRN ;nÞ; jj jDuj jjL2ðRN ;nÞp
2ﬃﬃﬃ
l
p jj f jjL2ðRN ;nÞ;
jj jD2uj jjL2ðRN ;nÞp4jj f jjL2ðRN ;nÞ:
8><
>: ð2:10Þ
Let now fAL2ðRN ; nÞ and let fn be a sequence of CybðRNÞ functions going to f in
L2ðRN ; nÞ as n-N: Because of estimates (2.10), the solutions un of
lun  Aun ¼ fn
are a Cauchy sequence in H2ðRN ; nÞ; and converge to a solution uAH2ðRN ; nÞ of
(2.5). Due again to estimates (2.10), u satisﬁes (2.6). &
Corollary 2.5. The operator A is self-adjoint and dissipative. H1ðRN ; nÞ is the domain
of
ﬃﬃﬃﬃﬃﬃﬃAp :
3. The operator AN
In this section we describe the main properties of the realization AN of A in
L2ðO; mÞ: We recall that O is a convex open set in RN with C2 boundary, and
U :RN/R is a convex function satisfying (1.4). The functional spaces H1ðO; mÞ;
H2ðO; mÞ; Ckb ð %O; mÞ; are deﬁned as in the case O ¼ RN :
Arguing as in the proof of Lemma 2.1 we obtain a similar result.
Lemma 3.1. Let m be the measure defined in (1.5). Then the functions in CNð %OÞ with
compact support are dense in L2ðO; mÞ; in H1ðO;mÞ; and in H2ðO; mÞ:
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Proof. First we consider a compactly supported function u; belonging to L2ðO; mÞ; to
H1ðO; mÞ; or to H2ðO; mÞ: Since the boundary of O is C2; then u may be extended to
the whole RN in such a way that the extension is in L2ðRNÞ; in H1ðRNÞ; or in
H2ðRNÞ; respectively. The extension is then approximated by a sequence un of CN0
functions obtained by convolution with smooth molliﬁers. The restrictions of un to O
converge to u in L2ðO; mÞ; in H1ðO; mÞ; or in H2ðO; mÞ; respectively.
If u has not compact support, let y be the function deﬁned in the proof of Lemma
2.1. The sequence unðxÞ ¼ uðxÞyðx=nÞ consists of L2 (respectively, H1; H2) functions
with compact support, and converges to u in L2ðO; mÞ; in H1ðO; mÞ; or in H2ðO; mÞ;
respectively (the proof is the same of Lemma 2.1). The statement follows. &
The realization AN ofA in L
2ðO; mÞ with Neumann boundary condition is deﬁned
by
DðANÞ ¼ fuAH2ðO; mÞ: AuAL2ðO; mÞ; @u=@n ¼ 0 at @Og
¼ fuAH2ðO; mÞ: /DU ; DuSAL2ðO; mÞ; @u=@n ¼ 0 at @Og;
ðANuÞðxÞ ¼ AuðxÞ; xAO:
8><
>: ð3:1Þ
A formula similar to (2.2) holds if RN is replaced by O: The proof is the same as in
Lemma 2.2, and it is omitted.
Lemma 3.2. Let cAH1ðO; mÞ and let uAH2ðO; mÞ be such that AuAL2ðO; mÞ: Then we
have Z
O
ðAuÞðxÞcðxÞmðdxÞ ¼  1
2
Z
O
/DuðxÞ; DcðxÞSmðdxÞ
þ 1
2
Z
@O
@u
@n
ðxÞcðxÞmðdxÞ: ð3:2Þ
Theorem 3.3. The resolvent set of AN contains ð0;þNÞ: For every l40 we have
ðiÞ jjRðl; ANÞf jjL2ðO;mÞp
1
l
jj f jjL2ðO;mÞ;
ðiiÞ jj jDRðl; ANÞf j jjL2ðO;mÞp
2ﬃﬃﬃ
l
p jj f jjL2ðO;mÞ;
ðiiiÞ jj jD2Rðl; ANÞf j jjL2ðO;mÞp4jj f jjL2ðO;mÞ:
8>>><
>>>:
ð3:3Þ
Proof. Let l40; let fAL2ðO; mÞ; and consider the resolvent equation
lu Au ¼ f in O;
@u
@n
¼ 0 at @O:
8<
: ð3:4Þ
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Uniqueness of the solution to (3.4) in H2ðO; mÞ is easy. Indeed, if uAH2ðO; mÞ;
@u=@n ¼ 0 and lu Au ¼ 0; then taking c ¼ u in (3.2) we get ljjujj2L2ðO;mÞp0; and
hence u ¼ 0:
Now we show that (3.4) has a solution uADðANÞ: For each e40 let
VeðxÞ ¼ UðxÞ þ 1
2e
ðdistðx;OÞÞ2; xARN ;
and let the differential operator Le be deﬁned by
ðLeuÞðxÞ ¼ 1
2
DuðxÞ /DVeðxÞ; DuðxÞS; xARN :
The function Ve satisﬁes obviously (1.4); moreover since O is convex, then Ve is
convex. Set
Ze ¼
Z
RN
expð2VeðxÞÞdx; neðdxÞ ¼ 1
Ze
expð2VeðxÞÞdx; ð3:5Þ
and let Ae be the realization of Le in L
2ðRN ; neÞ deﬁned by
DðAeÞ ¼ fuAH2ðRN ; neÞ: /DVe; DuSAL2ðRN ; neÞg:
Let f˜ be deﬁned by f˜ðxÞ ¼ f ðxÞ for xAO; f˜ðxÞ ¼ 0 for x outside O: By Theorem 2.4,
the problem
lu Leu ¼ f˜; xARN ; ð3:6Þ
has a unique solution ueADðAeÞ; which satisﬁes the estimates
jjuejjL2ðRN ;neÞp
1
l
jj f˜ jjL2ðRN ;neÞ;
jj jDuej jjL2ðRN ;neÞp
2ﬃﬃﬃ
l
p jj f˜ jjL2ðRN ;neÞ;
jj jD2uej jjL2ðRN ;neÞp4jj f˜ jjL2ðRN ;neÞ
8>>><
>>>:
ð3:7Þ
due to (2.6). If in addition f ðxÞX0 a.e., then ueðxÞX0 for each x: Since
jj f˜ jjL2ðRN ;neÞ ¼
1
Ze
Z
O
f 2e2U dx
 1=2
¼
R
O e
2U dxR
RN
e2Ve dx
 1=2
jj f jjL2ðO;mÞ
remains bounded as e-0; then ue is bounded in H2ðRN ; neÞ and the restriction uejO is
bounded in H2ðO; mÞ: Up to a sequence, uejO converges weakly in H2ðO; mÞ to a
function uAH2ðO; mÞ and it converges to u pointwise a.e. and in
H3=2ðO-Bð0; RÞ; dxÞ for every R40: Since lue Aue ¼ f in O; then u satisﬁes
lu Au ¼ f almost everywhere in O: Since lu; Du; f belong to L2ðO; mÞ; then also
/DU ; DuS does.
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Let us prove that @u=@n ¼ 0 at the boundary. For each cACN0 ðRNÞ we have, by
(2.2) Z
RN
LeuecneðdxÞ ¼ 1
2
Z
RN
/Due; DcSneðdxÞ:
On the other hand,Z
RN
LeuecneðdxÞ ¼
Z
RN \O
LeuecneðdxÞ þ
Z
O
LeuecneðdxÞ;
where Z
RN \O
LeuecneðdxÞ ¼ l
Z
RN \O
uecneðdxÞ;
because lue Leue ¼ 0 in RN\O; andZ
O
LeuecneðdxÞ ¼ 1
2
Z
O
/Due; DcSneðdxÞ þ 1
2
Z
@O
@ue
@n
ðxÞcðxÞneðdxÞ
because of (3.2). It follows that
1
2
Z
@O
@ue
@n
ðxÞcðxÞneðdxÞ ¼ 1
2
Z
RN \O
/Due; DcSneðdxÞ  l
Z
RN \O
uecneðdxÞ:
Note that jjcjjH1ðRN \O;neÞ goes to 0 as e-0: Since both ue and jDuej are bounded in
L2ðRN ; neÞ; the right-hand side goes to 0 as e-0: On the other hand, since ue goes to
u in H3=2ðO-supp cÞ; then @ue=@n goes to @u=@n in L2ð@O-supp cÞ: So we haveZ
@O
@u
@n
ðxÞcðxÞe2UðxÞ dx
¼ lim
e-0
Z
@O
@ue
@n
ðxÞcðxÞe2VeðxÞ dx
¼ lim
e-0
Z
RN
e2VeðxÞ dx
Z
@O
@ue
@n
ðxÞcðxÞneðdxÞ ¼ 0:
This implies that @u=@n ¼ 0 at @O; and uADðANÞ: So, u is the unique solution in
DðANÞ of problem (3.4). Therefore rðANÞ*ð0;þNÞ: Estimates (3.3) follow letting e
to 0 in (3.7). &
Corollary 3.4. The operator AN is self-adjoint and dissipative in L
2ðO; mÞ: The measure
m is an infinitesimally invariant measure for AN : The space H1ðO; mÞ is the domain of
ðANÞ1=2:
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Proof. The ﬁrst statement is an immediate consequence of Theorem 3.3, and of
formula (3.2) which yields that AN is symmetric. Taking c  1; formula (3.2) shows
that
R
OANumðdxÞ ¼ 0 for each uADðANÞ; and therefore m is an inﬁnitesimally
invariant measure for AN : It proves also thatZ
O
jðANÞ1=2uj2mðdxÞ ¼ 1
2
Z
O
jDuj2mðdxÞ
for each uADðANÞ; and this implies that DððANÞ1=2Þ ¼ H1ðO; mÞ: &
4. Poincare´ and Log-Sobolev inequalities
In this section we prove the Poincare´ and Log-Sobolev inequalities for the measure
m: In addition to (1.4) we assume that
(o40 such that x/UðxÞ  ojxj2=2 is convex: ð4:1Þ
In the case of a twice continuously differentiable U this means just D2UðxÞXoI for
each x:
If ðL; mÞ is any measure space and uAL1ðL; mÞ we set
%um ¼
Z
L
uðxÞmðdxÞ: ð4:2Þ
Poincare´ and Log-Sobolev inequalities in the whole RN were proved in [1] under
the further assumption that U is continuously differentiable. In our case such
assumptions may be avoided.
Proposition 4.1. Let U satisfy (1.4) and (4.1), and let n be defined by (1.3). ThenZ
RN
juðxÞ  %unj2nðdxÞp 1
2o
Z
RN
jDuðxÞj2dnðdxÞ; uAH1ðRN ; nÞ; ð4:3Þ
and Z
RN
u2ðxÞ logðu2ðxÞÞnðdxÞp 1
o
Z
RN
jDuðxÞj2nðdxÞ
þ u2n logðu2nÞ; uAH1ðRN ; nÞ: ð4:4Þ
Proof. Let us consider the Moreau-Yosida approximations Ua of U : For each a; Ua
satisﬁes (1.4) with constant oa which goes to o as a goes to 0, and DUa is Lipschitz
continuous. Therefore (see e.g. [1]) Poincare´ and Log-Sobolev inequalities hold for
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the measures na; in the form
Z
RN
juðxÞ  %uaj2naðdxÞp 1
2oa
Z
RN
jDuðxÞj2naðdxÞ; uAH1ðRN ; naÞ;
(where %ua stands for %una) and
Z
RN
u2ðxÞ logðu2ðxÞÞnaðdxÞp 1oa
Z
RN
jDuðxÞj2naðdxÞ
þ u2a logðu2aÞ; uAH1ðRN ; naÞ:
Taking uACN0 ðRNÞ and letting a-0 we see that %ua goes to %un; u2a goes to u2n; and u
satisﬁes (4.3) and (4.4). Since CN0 ðRNÞ is dense in H1ðRN ; nÞ the statement
follows. &
Having estimates (4.3) and (4.4) as a tool, it is not hard to prove Poincare´ and
Log-Sobolev inequalities in our situation.
Proposition 4.2. Let U satisfy (1.4) and (4.1), and let m be defined by (1.5). Then
Z
O
juðxÞ  %umj2mðdxÞp 1
2o
Z
O
jDuðxÞj2dmðdxÞ; uAH1ðO; mÞ; ð4:5Þ
and
Z
O
u2ðxÞ logðu2ðxÞÞmðdxÞp1
o
Z
O
jDuðxÞj2mðdxÞ þ u2m logðu2mÞ; uAH1ðO; mÞ: ð4:6Þ
Proof. Let uAH1ðO; mÞ have compact support, and extend u to an H1ðRNÞ function
with compact support, still denoted by u: Let
neðdxÞ ¼
Z
RN
e2VeðxÞ dx
 1
e2VeðxÞ dx;
where Ve is deﬁned by (1.7). By Proposition 4.2, for each e40 we have
Z
RN
juðxÞ  %uej2neðdxÞp 1
2o
Z
RN
jDuðxÞj2neðdxÞ; ð4:7Þ
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(where %ue stands for %une ) andZ
RN
u2ðxÞ logðu2ðxÞÞneðdxÞp1o
Z
RN
jDuðxÞj2neðdxÞ þ u2e logðu2eÞ: ð4:8Þ
Since
lim
e-0
VeðxÞ ¼
UðxÞ if xAO;
þN if xeO;

then %ue goes to %um ¼
R
O uðxÞmðdxÞ; u2e goes to u2m as e goes to 0, and letting e go to 0
in (4.7), (4.8) we obtain that u satisﬁes (4.5) and (4.6). Since the compactly supported
functions are dense in H1ðO; mÞ the statement follows. &
Proposition 4.2 yields important properties of the semigroup TðtÞ generated
by AN :
Corollary 4.3. Under assumptions (1.4) and (4.1), 0 is a simple isolated eigenvalue of
AN : The rest of the spectrum, sðANÞ\f0g is contained in ðN;o; and
jjTðtÞu  %umjjL2ðO;mÞpeotjju  %umjjL2ðO;mÞ; uAL2ðO; mÞ; t40: ð4:9Þ
Moreover we have
jjTðtÞjjjLqðtÞðO;mÞpjjjjjLpðO;mÞ; pX2; jALpðO; mÞ; ð4:10Þ
where
qðtÞ ¼ 1þ ðp  1Þe2ot; t40: ð4:11Þ
Proof. 0 is obviously an eigenvalue of AN ; whose kernel contains the constant
functions. In fact, the kernel of AN consists only of constant functions: if Au ¼ 0;
then TðtÞu ¼ u and hence DTðtÞu ¼ Du for each t40; but since
jjDTðtÞujjL2ðO;mÞpCt1=2jjujjL2ðO;mÞ (this is a consequence of the equality
DððANÞ1=2Þ ¼ H1ðO; mÞ) letting t-þN we get Du ¼ 0 so that u is constant.
A standard argument shows now that 0 is isolated. Let uAH1ðO; mÞ and set gðtÞ ¼
jjTðtÞu  %ujj2L2ðO;mÞ: Using (1.8) and (4.5) we get easily g0ðtÞp 2ogðtÞ; for each t40;
so that u satisﬁes (4.9). Since H1ðO; mÞ is dense in L2ðO; mÞ; then (4.9) holds for every
uAL2ðO; mÞ: From the general theory of strongly continuous semigroups it follows
that 0 is isolated in sðAÞ; and, since sðANÞCR; that sðAÞ\f0gCðN;o:
Since AN is self-adjoint, all its isolated eigenvalues are semisimple. The kernel of
AN is one dimensional, and hence 0 is a simple eigenvalue.
The hypercontractivity estimate (4.10) is a consequence of the Log-Sobolev
inequality (4.6). See e.g. [1]. &
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